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1 Introduction

This project is concerned with making the notion of diversity precise. In commonplace usage, the
term is synonymous with variety and is simply an indication of the number of different things
that are present. For example, we often speak of a diversity of opinions. While simply counting
the number of different types of opinions on a subject can give a rough idea of the diversity of
opinions, the numbers of people holding the various opinions must be taken into account to get a
true sense of the diversity. For example, a situation in which there are 99 people with one opinion
and 1 person holding a different opinion is different from a situation in which 50 people have one
opinion and the other 50 have another, even though the number of opinions (2) is the same in
both cases.

Biologists use a mathematical concept called information to make precise calculations about
entities that we will come to know as first-order diversity, H1, and divergence from equiprobability,
D1. We will explore how information theory operates and examine several biological applications
of these concepts. In particular, these mathematical entities have proven to be quite useful to ecol-
ogists and animal behaviorists. This single set of mathematical formulations, originally intended
for use in designing communications systems, has an unusually broad range of applications.

1.1 Building Intuition

The following example illuminates the properties that any measure of diversity should have. As-
sume that you have planted a garden with four types of flowers in equal numbers. Over the course
of a growing season, you return to the garden several times to chart the progress of the plants. In
early May, you observe that all of the first three types of flowers have begun to grow. However,
only a few of the fourth type of flower are growing. You carefully chart the number of flowers of
each flower type as a proportion of the total number of flowers in the garden. Data describing the
diversity of plants present would look like Table 1.

Flower Type 1 2 3 4
Proportion 5/16 5/16 5/16 1/16

Table 1: The garden in May: Very few plants of type 4 present.

In June, you find that all of the type 4 plants have now sprouted. Each of the four types of
plants is now present in equal numbers in the garden. (A situation in which equal proportions of
each category are present is a state of equiprobability, though equiproportionality might be more
accurate.) Data describing the diversity of plants would now look like Table 2. Notice that the
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number of types of plants does not change from May to June. However, in May the first three
types of flowers dominated the garden, and the fourth type was barely present. By June, all four
types of plants are present in equal numbers; none is dominant. Because of this, the diversity of
the flower garden increased from May to June.

Flower Type 1 2 3 4
Proportion 1/4 1/4 1/4 1/4

Table 2: The garden in June: Equiprobability.

By August the heat of summer has caused all the flowers of type 2 and half of those of types 1
and 3 to wither and die, though all of the flowers of type 4 are still alive (Table 3). The diversity in
the garden has decreased from June, because the number of types of flowers present has decreased
and one type of flower dominates the garden. It is even less diverse than in May, when three types
of flowers were present in equal numbers and a fourth type was present in low numbers.

Flower Type 1 2 3 4
Proportion 1/4 0 1/4 1/2

Table 3: The garden in August: Low diversity.

To assure yourself that the garden in August is less diverse than in May, imagine trying to
guess which type of flower you would encounter next in a walk through the garden. In August
there is one very common type. By always guessing type 4 you would be right on average half the
time. In May there were three equally common flower types and an additional rare type. Guessing
that your next encounter would be with one of the more common types of flower would on average
lead to success only five-sixteenths of the time. The greater the diversity of the system, the harder
it is to predict what will be encountered next.

By late September, flower types 1 and 3 are now gone because of an early frost; only flower
type 4 remains (Table 4). The garden is not only less diverse than in August, the garden has no
diversity of plant life at all. Every plant is of a single type.

Flower Type 1 2 3 4
Proportion 0 0 0 1

Table 4: The garden in August: No diversity at all.

What are we to make of this example? Any method we propose to measure diversity needs to
reflect the observations that we have just made. Both the number of categories present and the
proportions in each category contribute to the overall diversity. The comparison of the May and
June gardens indicates that diversity should be maximized when all categories are present in equal
proportions and no single category predominates. Secondly, when a system is in such a state of
equiprobability, the more categories the system has, the more diverse it will be. (A garden with
eight types of flowers present in equal proportions should be more diverse than the June garden
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with only four types present in equal proportions.) Finally, when all the items fall into a single
category, as in the September garden, the measure of diversity should be 0.

To summarize, any measure of diversity should satisfy the following three conditions.

Condition 1. The measure of diversity should be 0 when one of the categories has proportional
representation 1 and the rest are represented at a proportion of 0 (not seen).

Condition 2. If there are n possible categories, the diversity measure should be maximized when
all categories are observed equally, that is, p1 = p2 = · · · = pn = 1, where pi is the proportion
of the ith category.

Condition 3. If m > n, then a state of equiprobability (every category observed equally) for a
system with m categories should have a higher diversity than a state of equiprobability for
a system with only n possible categories.

2 Diversity Defined

2.1 Proportions

The biological applications discussed in this project are based on reports of field observations.
Typically such data are given as an array of proportions of times that particular types of obser-
vations were made, much like the data in Tables 14. Each of the experiments reported will have
only a finite number of categories of objects. Suppose that in a particular experiment exactly n
distinct categories were observed, and that the respective proportions of time they were observed
were p1, p2, . . . , pn. Then these proportions must satisfy two basic properties.

Property 1. Each of the numbers p1, p2, . . . , pn lies between 0 and 1. A proportion of 1 means
that all of the observations belong to a single category. A proportion of 0 indicates that
no objects belong to that category. (Such a category might still be included in the list if it
occurred in some other phase of the experiment.)

Property 2.
n∑

i=1

pi = p1 + p2 + · · · + pn = 1. Property 2 says that the list of events is complete;

the proportions of the events must sum to 100% of the observations.

Notice that the data in Tables 14 satisfy both of these elementary properties.

2.2 The Measure of Diversity

The proportions of different categories of objects in the environment clearly play a role in our
intuitive notion of diversity, as illustrated in the garden example above. In that example we were
able to rank the relative diversities of the gardens in each month. The June garden had the highest
diversity, then May, August, and finally September. However, such a ranking does not permit us
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to quantify the differences in diversity among the gardens. And such a ranking might be difficult
to form when there were 10, 20, or even hundreds of different species of flowers.

How do we make all of this precise? Mathematicians have found a function that satisfies the
three conditions listed in Section 2 and also satisfies a number of other important conditions.

Definition Assume that there are n possible categories in an experiment and that their propor-
tions are p1, p2, . . . , pn. Then the measure of diversity for this system is

H1 = −
n∑

i=1

pi log2 pi = −(p1 log2 p1 + p2 log2 p2 + · · ·+ pn log2 pn).

The units of measurement are called bits. Since log2 0 is not defined, if pi = 0, we adopt the

convention that the expression pi log2 pi = 0 log2 0 is also 0.

In other contexts, this function is also known as the measure of uncertainty, measure of disorder,
or the entropy of the system. Because one of the first applications of this function was in the field
of information theory, and information theory applications conventionally use base-2 logarithms,
our measure of diversity is given in terms of base-2 logarithms. Mathematically, any base would
work, but base-2 logarithms were chosen early on because the original application of information
theory was to problems in communication engineering which dealt with binary data (bits, each 0
or 1), and the early conventions have prevailed in later applications of diversity. Most calculators
allow you to compute the logarithm to base 10 or the natural logarithm (which uses a base of
e = 2.71828 . . .) of a positive number. Computing the logarithm to base 2 of a positive number is
not difficult with a calculator, but it cannot be done with a single keystroke.

Exercise 1.

(a) Explain how you can compute base-2 logarithms using your calculator. [Hints: (1) If you
want to compute log2 x, for some x, you might set y = log2 x and look for an alternative way
of expressing y. (2) One strategy is to first solve for x, and then solve your new equation for
y.]

(b) Give an expression for log2 x in terms of natural logarithms.

Exercise 2. Use l’Hôpital’s Rule to show that lim
x→0+

x log2 x = 0. Explain how this justifies the

convention that 0 log2 0 is taken to be 0.

At this point you probably feel uncertain about the function H1. As strange as it looks at first
glance, this function has become extraordinarily useful not only in mathematics and engineering
(especially communications), but also in many of the natural and social sciences. It is worth
struggling with because it represents a relatively simple way of quantifying the extremely abstract
concept of diversity.
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2.3 Playing with H1

To become comfortable with this measure of diversity, we will work out various examples. Let us
start by evaluating the different levels of diversity for the flower garden example in Section 2 in
each of the four months. In each month there were four possible categories, whose proportions
were listed in Tables 14. At the first stage, in May (Table 1), we have

H1 = −
4∑

i=1

pi log2 pi

= −
(

5
16

log2
5
16

+ 5
16

log2
5
16

+ 5
16

log2
5
16

+ 1
16

log2
1
16

)
= −15

16
log2

5
16
− 1

16
log2

1
16

≈ 1.823

In June (Table 2) we have equiprobability, so

H1 = −
4∑

i=1

pi log2 pi

= −
(

1
4
log2

1
4

+ 1
4
log2

1
4

+ 1
4
log2

1
4

+ 1
4
log2

1
4

)
= −4

(
1
4
log2

1
4

)
= − log2

1
4

= log2 4

= 2

Notice that the diversity has increased from May to June, as we expected.

With fewer categories present in August (Table 3), the diversity is reduced to

H1 = −
4∑

i=1

pi log2 pi

= −
(

1
4
log2

1
4

+ 0 log2 0 + 1
4
log2

1
4

+ 1
2
log2

1
2

)
= −1

2
log2

1
4
− 1

2
log2

1
2

− 1
2
log2 4 + 1

2
log2 2

= 1.5

The diversity in August is lower than in both May and June, and the difference between May and
August is larger than the difference between May and June. This reflects the reduction in the
number of flower types present in August, as well as the higher proportion of flower type 4.

Exercise 3. In September (Table 4), as we know, there is no diversity in the garden. Use the
formula for H1 and the information from Table 4 to verify this statement mathematically.

Explain how you know, in general (for any number of categories), that H1 satisfies the first
condition we placed on a measure of diversity, at the end of Section 2. That is, explain how you
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know that H1 is 0 when one of the categories has proportional representation 1 and the rest are
represented at a proportion of 0 (not seen).

There are other general observations we can make. Even though the formula for H1 has a
negative sign, H1 is always nonnegative, because each proportion pi is between 0 and 1, so that
log2 pi is negative or zero. Also, H1 is easy to compute in a case of equiprobability, the verification
of which is left as an exercise.

Exercise 4. Suppose that there are n equiprobable outcomes. Then for i = 1, . . . , n we have
pi = 1/n. Use the formula for H1 to determine the value of H1 in the equiprobability situation.
[Assuming that our diversity measure H1 satisfies Condition 2, given above — this is true, and we
will verify it later in the project — you have found a formula for H1max(n).]

Exercise 5. Use H1 to calculate the difference in the levels of diversity represented by a garden
with 9 types of equally abundant flowers versus a garden with only 5 types of flowers in equal
abundance.

Exercise 6.

1. Show that, in equiprobability situations, doubling the number of species or categories present
in a system results in an increase of 1 in the measure of diversity of the system.

2. You just showed that doubling the number of categories increases H1 by 1. By how much
would H1 increase if we quadrupled the number of categories? Can you explain why?

2.4 The Divergence from Equiprobability

Definition In an experiment with n categories, H1max(n) is the maximum possible value of H1.

(When the number of categories is understood from the context, this quantity will be denoted by
H1max.)

In Section 4 we will show that such a maximum always exists and in fact occurs when all
n categories are equiprobable, so that H1 satisfies the second condition of a diversity measure.
Showing that H1 satisfies the third condition of a diversity measure is left as an exercise.

Exercise 7. Using the formula for H1max that you developed in the equiprobability case, explain
how you know that that H1 satisfies the Condition 3 in Section 2 for a diversity measure.

The maximum value for H1 provides a way to measure how far from equiprobability a particular
set of proportions is.
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Definition The divergence from equiprobability is

D1 = H1max −H1 = log2 n−H1,

where n is the number of categories in the system.

A low D1 value means H1 is close to H1max, that is, the system is nearly in a state of equiprob-
ability; there is a high degree of diversity present. Conversely, a high D1 value means that H1 is
small relative to H1max, that is, the system has diverged substantially from equiprobability and is
not very diverse.

For example, in the August garden, only three of the four flower types were present (Table 3).
The H1 value for the system was calculated to be 1.5 . Thus the divergence from equiprobability
in this case is

D1 = H1max −H1 = log2 4− 1.5 = 2.0− 1.5 = 0.5.

This is a substantial divergence, since it represents 25% of H1max.

Exercise 8. Table 5 shows the distribution of MN blood groups in a population of Bedouins in
the Syrian desert. Calculate the diversity, H1, and the divergence, D1, for this data set.

Blood Group MM MN NN
Proportion 0.57 0.37 0.06

Table 5: Distribution of Blood Groups in Bedouins (adapted from [Boyd 1939, 234])

Exercise 9. Table 6 shows the distribution of the ABO blood groups in four different populations.

Population A B AB O
Germans 0.425 0.145 0.065 0.365
Basques 0.417 0.011 0.000 0.572
Navajos 0.225 0.000 0.000 0.775
Chinese 0.251 0.342 0.100 0.307

Table 6: Distribution of ABO Blood Groups (adapted from [Boyd 1950, 223-225])

(a) Using H1 calculations, determine which population has the most diverse distribution of blood
groups, and which population has the least.

(b) Determine the divergence D1 for each of the populations.
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In the last few exercises, field data are reported as arrays of proportions of times observations
were made. This makes doing H1 calculations quite easy. However, often such data are given as
an array of raw frequencies of observations, as will be the case in some later exercises.

Calculations of H1 can be made directly from raw frequency data, without ever converting to
proportions, if rules for logarithms are used. Let f1, . . . , fn represent the observed frequencies of
n events. Let S denote the total number of observations,

S =
n∑

i=1

fi = f1 + · · ·+ fn.

With this notation, the proportion of the time the first event was observed is p1 = f1/S; the
proportion of the time the second event was observed is p2 = f2/S; and so on.

Exercise 10. Use the fact that pi = fi/S to show that our original formula for H1 is equivalent
to

H1 = log2 S − 1

S

n∑
i=1

fi log2 fi.

You will need to use logarithm rules!

Exercise 11. Table 7 shows the distribution of ABO blood groups in three populations.

Population O A B AB Total
Siamese 79 38 75 21 213
English 202 179 35 6 422
Blackfeet Indian 27 88 0 0 115

Table 7: Distribution of ABO Blood Groups (adapted from [Boyd 1950, 223-225])

(a) Compute the measure of diversity of blood types for each of the three populations by using
the formula you derived in the last exercise.

(b) Which of the three groups has the highest divergence of blood types?

3 Showing that H1max = log2 n

Let us suppose now that there are n possible categories in a particular experiment, with n > 1. The
calculation of H1 involves summing quantities of the general form xlog2x, with x taking on each of
the values p1 through pn, with pi representing the proportion of observations from the ith category.
To show that H1max occurs when p1 = p2 = · · · = pn = 1/n, we will use elementary calculus to
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describe certain properties of the function xlog2x. We begin by formalizing our convention that
xlog2x = 0 when x = 0. We define a new function F whose domain is 0 ≤ x ≤ 1.

F (x) =

{
0, if x = 0
x log2 x, if 0 < x ≤ 1.

Exercise 12. Rewrite the function F (x) in terms of a natural logarithm (instead of a base-2
logarithm). [Hint: The results of Exercise 2.2 may help!]

Exercise 13. If we agree to let k = 1/ ln 2, then we can further simplify the expression for F (x).
Do so. [You will want to use your expression for F for the next few exercises.]

Observe that F (x) is continuous for 0 < x ≤ 1, because both x and ln x are continuous. The
next exercise shows that F (x) is actually continuous on 0 ≤ x ≤ 1.

Exercise 14. Use l’Hôpital’s Rule to show that lim
x→0+

F (x) = F (0). (Yep, we know you did this

earlier, but we think it’s worth repeating.) Explain why this gives continuity of F (x) (from the
right) at x = 0.

We want to use the shape of the graph of F to develop an inequality that we will use to verify
Condition 2, that diversity is maximized in the equiprobability situation.

Exercise 15. Compute the first and second derivatives of F (x) and explain what each tells you
about the graph of F . Carefully sketch a graph of F (x) on the interval 0 ≤ x ≤ 1, giving exact
coordinates for all local and global extrema.

To develop an inequality that will be useful, we write an equation for a tangent line to F at a
point x = 1/n, where n is an arbitrary natural number.

Exercise 16. Write the equation for the line tangent to F (x) at the point (1/n, F (1/n)). Sketch
a possible graph of the tangent line on a graph of F . Is the tangent line above or below the graph
of F? Why?

Now we can complete the proof that diversity is maximized for equiprobability systems. As-
sume a system has n categories with probabilities p1, . . . , pn.

Then for any proportion pi, your graph of F and its tangent line at x = 1/n shows

F (pi) ≥ the y-value of the point on the tangent line whose x-coordinate is pi

= F ( 1
n
) + F ′( 1

n
)(pi − 1

n
)

Exercise 17.

(a) Sum both sides of the inequality (immediately above) over all n probabilities for the system
and simplify to show that

n∑
i=1

F (pi) = nF ( 1
n
).
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(b) Make the substitutions F (pi) = pi log2 pi and simplify to show that H1 for an n-category
system having probabilities p1, . . . , pn is less than or equal to H1 for an equiprobability n-
category system. Be sure to explain how your work supports the conclusion that our measure
of diversity satisfies Condition 2 from Section 2.

4 Information Theory Applications

4.1 Three Applications to Ecological Diversity

The most common biological application of information theory is quantification of ecological di-
versity. When an ecosystem possesses numerous plant and animal species, with many of them
present in relatively high numbers, it will have a high H1 value and a low D1. An ecosystem
with fewer types of organisms present, or with only a few common plant or animal species, will
concomitantly have lower H1 and higher D1 values.

We generally think of healthy biological communities in favorable habitats as being highly
diverse. Decreased biological diversity may be due to environmental conditions (desert versus a
temperate zone forest) or to stresses on a biological community (acid rain or pesticides), which
eliminate susceptible species from the natural mix. Information theory allows us to quantify both
stress-induced and natural differences between ecosystems.

Even natural changes in the the diversity of an ecosystem can be quite dramatic. Twice in the
last twenty years, there have been major infestations of the crown of thorns starfish, Acanthaster
planci, on the Great Barrier Reef. The crown of thorns attacks certain species of corals that build
and maintain the reef. In some areas as much as 98% of the coral is dead, though it is not clear
whether the crown of thorns is responsible for all of this destruction. Initially marine ecologists in
Australia were alarmed by these infestations. However, opinion is now beginning to shift.

Not only do some experts think the coral can recover from the crown of thorns. Some
marine scientists also think it might be good for the reef to go through such growing
pains. Their argument is essentially that the crown of thorns, like a renovator, may
make a terrible mess on the way toward home improvements in the longer term. In
particular, the crown of thorns cuts down the dominant species of coral and thus makes
room for other species, currently crowded out, the upshot being a more diverse group
of corals. Biologists have known for a long time that the starfish in temperate waters,
by eating common things like mussels, clear out space for other species, and the same
kind of benefits, they argue, may accrue from the destruction caused by the crown of
thorns. [Ford 1988, 51]

Changes in the diversity of an ecosystem are important, as the example above indicates. Ecol-
ogists call the first-order diversity of an ecosystem the Shannon index [Lloyd, Zar, and Karr 1968].
An H1 value can be computed for all of the organisms present in an environment, or for specific
types of organisms such as trees or insects. Because the presence of uncommon species in nature
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can make information theory measures sensitive to the sizes of data sets (in general, only large sets
will contain representatives of all the rare species), it is for important for comparisons of biological
diversity to collect similar-sized data sets.

4.1.1 Tree Species Diversity

Table 8 contains H1 values for mature trees found in different types of forests in Florida [Monk
1967]. Habitats of the sandhill complex type have fairly simple mature tree communities (H1 =
0.97) compared to an area of sand pine scrub (H1 = 1.55). The most complex mature tree
community is the climax southern mixed hardwoods (H1 = 2.56), into which the other forest
types listed change very slowly by a process known as ecological succession. Information theory
measures do distinguish between these different natural communities.

Community H1 of Mature Trees
Sandhill Complex 0.97
Cypress Heads 1.16
Sand Pine Scrub 1.55
Mixed Hardwood Swamps 2.28
Climax Southern Mixed Hardwoods 2.56

Table 8: H1 values for trees in plant communities in Florida (from [Monk 1967, 175])

4.1.2 Bird Species Diversity

Ornithologists have noted that more types of birds are present breeding in woodlands than in
fields of similar sizes. MacArthur and MacArthur [1961] used first-order diversity measures to
investigate the relationship between bird diversity and vegetation. They measured H1 values
for the diversities of bird species breeding at 11 deciduous woodland locations in Pennsylvania,
Vermont, and Maryland.

In the same habitats they measured various aspects of the vegetation in order to look for any
plant community characteristics that were strongly correlated with bird species diversities. Plant
species diversities were computed by using H1 values. Foliage height diversities, which expressed
the number of layers of leaves between the ground and the sky in different woodlands, were also
measured. Zones of 0 to 2 feet, 2 to 25 feet, and greater than 25 feet above the ground were
used as height categories. The number of leaves above points on the ground were estimated for
each height zone, and H1 values for the foliage height diversity were then calculated. When the
number of leaves above the ground in the three height zones are more nearly equal, the foliage
height diversity measure increases to reflect the more complex physical environment.

The simplest model of how birds select a nesting habitat is that as either foliage height diversity
or plant species diversity increases, the attractiveness of the habitat increases linearly. MacArthur
and MacArthur [1961] looked for such a relationship. Bird species diversity and foliage height
diversity were strongly correlated. The figure below shows this correlation as a linear relationship.
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Site BSD FHD PSD
A 0.639 0.043 0.972
B 1.266 0.448 1.911
C 2.265 0.745 2.344
D 2.403 0.943 1.768
E 1.721 0.731 1.372
F 2.739 1.009 2.503
G 1.332 0.577 1.367
H 2.285 0.859 1.776
I 2.277 1.021 2.464
K 2.567 1.093 2.816

Table 9: Bird species diversity (BSD), fliage height diversity (FHD) and plant species diversity
(PSD). Adapted from [MacArthur and MacArthur 1961, 596.]

** Need plots

The data closely approximate the line given by the equation

bird species diversity = 1.01× foliage height diversity + 0.46.

On the basis of this linear relationship, birds appear to be selecting nesting habitats on the basis
of foliage height diversities. Interestingly, there was a much weaker relationship between bird
species diversity and plant species diversity measures. The plot of bird species diversity versus
plant species diversity is considerably less linear than the plot using foliage height diversity. The
physical structure of the woodlands, in terms of the leaves present in different height zones, seems
to matter more to the birds than the species of plants producing those physical structures.

4.1.3 The Effect of Insecticide Application

Species diversity values can also be used to measure changes in a single habitat over time. The
figure below shows the effect of experimental insecticide application on H1 values for arthropods in
a treated grassland compared to an untreated control habitat [Barrett 1968]. The untreated control
area (dashed line) does not display the dramatic drop in H1 values immediately after application
of the insecticide sevin (indicated by the shaded time period) that is seen in the treated area (solid
line). A similar approach can be used to measure the effects of accidentally released pollutants.

*** Need plot

The effect of insecticide application (shaded region) on H1 values of a treated habitat (solid
line) and an untreated control habitat (dashed line). Modified from [Odum 1971, 150].

Measurements like the ones discussed for tree species diversity, bird species diversity, and
insecticide effects, can be carried out using a number of different diversity indices [Pielou 1975,
1984; Magurran 1988].
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4.2 Fire Ants

Fire ants of the species Solenopsis saevissima are social insects that live in underground nests
containing many sterile workers and their queen. To obtain food, workers set forth from the nest
and search the surrounding area. If a worker finds a food source large enough for a number of ants
to harvest, a communication system based on odor trails allows additional ants to be recruited
[Wilson 1962].

To produce an odor trail, a worker returning to the nest periodically drags its sting along the
ground while releasing a chemical produced by Dufours gland through the extruded sting. The
chemical released is attractive to other workers and causes them to follow the odor trail towards the
food. A truly abundant food source eventually produces a situation in which many ants returning
from the food to the nest are excited into producing an odor trail and the summed individual
odor trails produces a virtual chemical highway leading to the food. The chemical secreted from
Dufours gland fades slowly over time, so that a depleted food source loses its attractiveness.

In the absence of any odor trail, a foraging worker leaving a fire ant nest might be expected to
depart without bias towards any particular direction, that is, in any one of the 360◦ of directions
that surround the nest. The diversity of directions that a departing group of ants might be
expected to display in this uninformed initial circumstance would be

Hi = log2 360

in which every 1◦ of direction is taken as a potential direction category.

If there is an odor trail to a food source, then the departing ants might be expected to depart
from their nest in a smaller angular range of directions. If the smaller diversity of this range of
directions is symbolized by Hs, then the transmission of information by the odor trail, denoted
Ht, must equal the difference between the diversity of the array of departure directions displayed
by the informed ants and that displayed by the uninformed groups of ants. That is,

Ht = Hi −Hs.

Using a small drop of sugar solution placed on an index card as a food source, Wilson [1962]
measured the direction indicated by the odor trail produced by a single fire ant and its influence
upon the directions in which recruited foragers travelled from their nest. After this procedure
was carried out a number of times to obtain replicate data sets, an estimate of the information
transmitted by fire ant odor trails could be made.1

The results of the fire ant study showed a considerable amount of information transmission by
the odor trails (see Table 10). When food sources were placed between 20 mm and 100 mm from
an ant nest, the range of directional information transmitted by odor trails proved to be between
3 and 5 bits.

We can interpret one bit of information in this context in the following way. If a foraging
ant could only inform another worker that a food source was either to the north or the south

1Hs can be measured either by observing the distribution of directions by which ants depart from their nest
and counting the number of ants in each degree-category, or by considering the data to be a normally distributed
one-dimensional Gaussian distribution and applying the formula Hs = log2

√
2πe σ, with σ the standard deviation.

See Haldane and Spurway [1954] or Wilson [1962] for more details concerning the latter approach.
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Target range (mm) Ht

20 2.81
50 4.11
100 5.10

Table 10: The amount of directional information transmitted to single workers by a single fire ant
odor trail (adapted from [Wilson 1962, 152])

of the nest, there would be only two directional choices, so H1max = Hi = log2 2 = 1. If the
communication that took place was perfect and the second worker always went in the correct
direction, then Hs = 1 log2 1 = 0. In this simple situation,

Ht = Hi −Hs = 1.

Now assume the foraging ant could perfectly transmit the information as to whether the food
source was to the north, east, south , or west, then Hi = log2 4 = 2 bits since there are now
four directional categories. In the same manner, we can interpret the 3 to 5 bits of information
conveyed by the foraging ants in this experiment. The 3 to 5 bits of information transmitted is
equivalent to every departing forager being told what direction to walk and being equipped with
a tiny compass upon which are marked between 23 = 8 and 25 = 32 directional points. Departing
foragers given such equipment, and able to use it well, would be able to depart in a given direction
as accurately as departing ants using an odor trail rather than a tiny compass as their guide
[Wilson 1962, 154].

The main reason for converting the actual field data regarding trail communication into ab-
stract bits of information is that doing so allows us to compare the very different communication
systems employed by a wide range of insects and animals, e.g., the information conveyed by a
honey bees waggle dance vs. that of a fire ants odor trail.

A foraging honey bee that has located a rich source of nectar and pollen will perform a waggle
dance upon its return to its hive. The dance allows the other bees to find the food source. The
waggle dance looks rather like a figure-8 performed on a vertical surface inside the hive. Its
interpretation involves both the orientation of the dance and its pace. The direction to a food
source is encoded by the angle that the figure-8 deviates from the vertical. The distance to the food
source is encoded by the number of turns per minute that a dancing bee performs. Haldane and
Spurway [1954] analyzed the information transmitted by dancing bees to other foragers. Honey
bees transmit between 2.5 and 4.0 bits of directional information in their waggle dance.

Both honey bees and fire ants are quite good at directing nestmates to food sources, although
the methods they use to communicate with each other differ dramatically.

5 Information Theory and Fish Courtship

Information theory was used by J. R. Baylis [1976] to quantify communication during the courtship
of cichlid fishes. These fishes form pair bonds between male and female. After the female releases
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her eggs for fertilization by the male, both parents take part in an extended period of parental
care. Both the eggs and the young fry that hatch from them are guarded by the parents; and
especially when the young have developed into a motile swarm of tiny fishes, protecting them
from potential predators requires considerable efforts by both parents. Because of this vital joint
responsibility, cichlid fishes have an extended period of courtship communication that allows each
fish to evaluate in some fashion how good a mate and fellow-guardian its potential partner would
be.

Baylis [1976] categorized the behavior patterns of the fish into 10 event categories corresponding
to the various body postures and movements that make up the repertoire of courtship signals. Both
males and females can carry out any of the 10 categories.

All of the fish used were young animals who were sexually mature but who had never previously
spawned, so there were no previously learned aspects of social signalling to influence the behavior
of the fish. The male and female fish were then placed together in an aquarium. Baylis periodically
watched the fish, from initial introduction until their fry were free swimming.

The data form a preceding act/following act matrix, with 20 rows and 20 columns, with 10
columns for each behavior pattern for the male fish and 10 for the female fish. The 20 rows
were labelled similarly. The data in the cells of the matrix are the frequencies with which given
behavior patterns (e.g., male performs behavior pattern number 2) were immediately followed by
other behavior patterns (e.g., female performs behavior pattern number 4). Since communication
consists of a signal and its response, this arrangement records signalresponse pairs. By having
the sexes on both rows and columns, it was possible to record an animal receiving a reply to its
signal (that is, a male responded to by a female, or vice versa) and also an animal repeating itself
(that is, a male or female sending 2 signals in a row, without an intervening reply from the other
fish). If you consider for a moment how frequently humans must repeat questions before being
answered, it will be obvious why the matrix was arranged to allow recording of repetition.

Each matrix is for a particular time in the sequence of courtship behavior. The entire set of
observations is a set of data matrices, each labelled with the time of recording (e.g., 1 hour after
the fish were placed together in the observation aquarium).

Table 12. A transition array of preceding (rows) and following (columns) behaviors observed
during observation period 1 for three pairs of Cichlasoma citrinellum. Adapted from Baylis [1976,
125].

An inspection of the matrix in Table ?? tells us a bit about what is going on. For example,
males often followed one “quiver display with another (row F, column F). Roughly half as often,
a female responds with a “quiver” to a males “quiver” display (row F, column FF). But this
approach to analyzing the matrix is a tedious one; what can information theory tell us here?

We can use row and column totals to compute first-order information theory measures. As
courtship proceeds, we would expect to see the divergence from equiprobability (D1) increase for
a pair of fish. The signals sent by each sex may begin with a high first-order uncertainty (H1).
However, unless the fish begin to abandon signals unnecessary to spawning and to concentrate
on the final spawning signals (therefore reducing H1 and increasing D1) they will never produce
young together.

In a human analogy, unless their conversation abandons topics such as the weather and tele-
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vision, two people are never going to learn enough about each other to decide whether or not a
mutual attraction and set of shared values exists. The divergence from equiprobability of their
conversation must increase, that is, they must move beyond initial polite phrases (“Nice day, isnt
it?”) if anything more involved than “small talk” is to occur eventually.

The first-order measures can be computed by summing the preceding acts (rows) or the fol-
lowing acts (columns) and treating the total values as two one-dimensional 20-category matrices.
The quantities H1, H1max, and D1 are then computed as in any other example.

Baylis [1976] found for pairs of cichlid fish that the first-order measures (increasing D1 values)
reflected the process of courtship communication. Notice in Figure 5 the way the first-order
measures are clearly structured around the moment of spawning, with D1 increasing just before
spawning. The fish do begin to concentrate on the use of specific signals immediately before the
female releases her eggs and the male releases sperm to fertilize them. Animals with external
fertilization of this sort must be very well behaviorally synchronized if the male and female are
both to release their gametes at the same moment.

*** need figure

The approach to animal communication just demonstrated does not, in the final analysis, allow
us to achieve the ultimate goal of “talking to the animals.” It does, however, provide one of the
best means devised to date of quantifying animal communication. It is a bit amusing, however,
that information theory, with its origins in devising communication systems, allows us to “listen
in” (however imperfectly) to “conversations” between members of other species.

6 Racial and Ethnic Diversity

6.1 Measuring Diversity in the United States

Acknowledgement: This section is a reproduction, with permission, of the article “Measuring
Diversity in the United States,” by Mark Schilling, which appeared in the April 2002 issue of Math
Horizons, published by the Mathematical Association of America.

Diversity is a word we hear frequently these days. But what does it actually mean? Sociologi-
cally, the word is used in reference to the number and degree of representation of racial and ethnic
groups in a university, a city neighborhood, and so forth. Still, the notion is somewhat vague.
What do people really have in mind when they say, for example, that the United States is more
diverse than it has been in the past?

In order to come up with some sort of mathematical definition of diversity, consider a population
of individuals comprised of k groups that are represented in the population in proportions pi,
i = 1, 2, . . . , k. A reasonable objective is to come up with some function of the pi’s that measures
the extent to which the population is spread across these groups. If the groups had an ordinal
relationship where we could assign values to them corresponding to a numerical scale, then one
possible measure would be the variance of the distribution, or equivalently its square root, the
standard deviation. But data on race and ethnicity are not ordinal, so these measures make no
sense here.
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The definitions of race and ethnicity used by the Census Bureau are influenced greatly by
self-identification and do not represent any clear-cut scientific definition of biological stock. In
fact, the categories used for the decennial census have changed from census to census. This poses
a challenge in comparing diversity from one census to another.

The 2000 Census used the following racial categories: White, Black or African American, Amer-
ican Indian and Alaska Native, Asian, Native Hawaiian and Other Pacific Islander, and “Some
Other Race.” In the 1990 Census the Asian and Pacific Islander groups formed one category, while
the 2000 Census category American Indian and Alaska Native was comprised of three separate
categories (American Indian, Eskimo and Aleut) in 1990. More significantly, the 2000 Census was
the first to allow respondents to indicate that they were members of more than one race. With six
individual racial categories (including “Some Other Race”), this means the census needed to allow
for fifty-seven possible mixed-race categories (see if you can verify this). The Census Bureau treats
ethnicity as a separate factor from race, with only two categories – Hispanic and non-Hispanic.
Thus for the 2000 Census there were (6 + 57)× 2 = 126 distinct racial/ethnic combinations that
an individual could conceivably be classified into.

How then can one quantify the racial and ethnic diversity of the United States population?
One idea is to simply focus on the largest group size and define the measure D1 = 1 − maxi pi

(subtracting from one makes sense because one would think of diversity as increasing when maxi pi

decreases). For the U.S. population, maxi pi is the proportion of non-Hispanic whites in the
population. Its value for the 2000 Census data is 0.691, so D1 = 0.309. In a sense this indicates
that 30.9% of Americans are members of a minority. The obvious weakness of this measure is that
it ignores the racial and ethnic structure of this minority population.

An inverse measure D2 = mini pi could also be considered. This measure judges diversity
by the rarest group in the population. Besides having the same sort of drawback as D1, D2 is
fatally flawed by its dependence on how finely the population is classified into distinct racial/ethnic
groups.

More elaborate methods for measuring diversity are found in ecology, where the diversity of
ecosystems and of individual species is often of interest. If there are many species in an ecosystem,
with no small number of species being much more abundant than the rest, then the ecosystem
is highly diverse as the typical species is at least somewhat rare. Let Ri represent the rareness
of species i. We will assume that Ri is defined in some way so that the more rare a species
is, the larger its R values is. Then the average rareness of all species – or, in our application,
of racial/ethnic groups in the population – is

∑k
i=1 piRi. This class of functions, for different

definitions of rareness Ri, measures diversity.

One simple way to define the rareness of a group is as the complement of the frequency with
which the group appears in the population, that is, Ri = 1−pi. This produces Simpson’s diversity
index

D3 =
k∑

i=1

pi(1− pi).

This measure has the following appealing interpretation: pick two members of the population at
random, then D3 represents the probability that the two individuals are from different groups.

Another possible choice for the definition of rareness is Ri = ln(1/pi). A group that constitutes
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only 1% of the population is thus rated twice as rare as one which constitutes 10%, while one that
comprises just 0.1% of the population is counted as three times as rare. This definition of rareness
leads to Shannon’s diversity index

D4 = −
k∑

i=1

pi ln pi.

This quantity plays a central role in information theory, a subject whose theoretical foundations
were laid by the American mathematician and electrical engineer Claude E. Shannon. Physicists
and probabilists know it as entropy.

Both D3 and D4 have certain desirable properties. Each attains its minimum possible value
when there is only one group and attains its maximum possible value for a given k in the case
when all of the pi are equal, i.e., when all groups occur with equal frequency. In addition, D3

and D4 each become larger if any group is divided into two new groups. (You may want to try to
verify these assertions. Lagrange multipliers are useful for showing one part.)

Often in applications odds are used in place of probabilities. Suppose we define the rareness of
a group as the odds that a randomly selected member of the population is from a different group,
as the probability that a randomly selected member of the population is from a different group as
in D3. That is, we let Ri = (1− pi)/pi. This yields the measure

D5 =
k∑

i=1

(1− pi) = k − 1,

which is simply the number of groups comprising the population, less one.

The table contains the raw numbers for the 2000 Census, from which the diversity measures
above can be computed.

Ethnicity
Not Hispanic Hispanic

Race % of population % of population
White 69.1 6.0
Black 12.1 0.3

American Indian and Alaska Native 0.7 0.1
Asian 3.6 —

Native Hawaiian and Other Pacific Islander 0.1 —
Some Other Race 0.2 5.3

Two or More Races 1.6 0.8

Table 11: Census 2000 data

There is of course no one “right” mathematical definition of diversity. One of the measures
described above, however, has achieved prominence in media reports on the U.S. Census. The
national newspaper USA Today has chosen to quantify diversity based on census data with 100D3,
which it touts as the USA Today Diversity Index.

18



The value of this index stood at 49 in 2000, up substantially from the 1990 value of 40. You can
check the 2000 calculation using the data above if you wish. Note that “Some Other Race” and
“Two or More Races” are each treated as single racial categories, even though there is obviously
great variation in the racial composition of these two groups. It is not hard to see (try it!) that
the effect on the values of Simpson’s diversity index D3 of consolidating people of different race
combinations into these two groups is no more than .0022 + .0162 + .0532 + .0082 = .003. Thus the
USA Today index would likely round to 49 with or without this grouping of uncommon races.

For the same reason, changing category definitions between 1990 and 2000 does not greatly
interfere with comparing the diversity of the United States population in those two years. In
the words of USA Today, “The nation’s diversity increased dramatically over the past decade ...
because of a huge increase in immigrants, particularly Hispanics, in more regions of the country.
There is nearly a 1 in 2 chance that two people selected at random are racially or ethnically
different, according to the index.” (USA Today, March 14, 2001) Of course, everyday encounters
between individuals are not random, and the proportion of such interactions that involve people
from different racial or ethnic groups is undoubtedly much less than 49%.

We have not directly addressed the question of why USA Today chose to use Simpson’s diversity
index rather than, say, Shannon’s. I will leave it as a challenge for you to compare the stability
of these two measures as a small group is divided into smaller groups. For instance, suppose that
at least one of the Census Bureau’s “Some Other Race” and “Two or More Races” categories is
split into some number of subgroups. We noted above that the effect on Simpson’s index would
not be great. Can the same be said for Shannon’s index?

Endnote there was one other difference between the censuses of 1990 and 2000 that is not
mentioned above. The order of the questions on race and Hispanic origin was different, with the
one on Hispanic origin placed first in 2000. It is conceivable that many more respondents may
have identified themselves as Hispanics in 2000 than if the ethnicity question had remained after
the question on races as in 19990. Hence conclusions about the large increase in diversity from
1990 to 2000 should be drawn with some measure of caution.

6.2 Discussion of Article

7 Sample Projects

We have discussed a number of applications of information theory measures. It is your turn to
design an independent project in which you will collect data and use information theory measures
in your analysis. You may choose to make a local insect collection, to examine the types of insect
pollinators that visit various flowers, to measure bird diversity or plant diversity, to examine
conversational topics or the types of clothing worn by your fellow students. We encourage you to
develop an entirely novel topic. Should the size of your proposed project make it reasonable, a
team effort might be appropriate.

You may want to compare two systems, as in Section 5.1.1. Or you might design a project
which compares two or more different diversity indices to each other, as in Section 5.1.2. You
may even want to compare one system to itself over time, as in Sections 5.1.3 and 5.3. Whatever
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you select, information theory measures are widely applicable; and with a little imagination you
should be able to come up with an interesting topic. Birds, bees, flowers, friends, food anything
that exists in a naturally diverse array is a good place to look for a topic. Below, we outline the
procedures for a few sample projects.

Here are a few reminders before you begin. First, the categories you use must not overlap
and together must include all possible events. Second, you should have a well-defined sampling
procedure (devised beforehand) that you follow to collect your data, to prevent unconscious biases
from entering your data set. Third, it may be simpler to do your diversity calculations with raw
frequencies (as in Exercise 5) rather than converting your data to proportions.

7.1 Diversity of Flowers

Select two or more different areas of open field. Try to select areas that look different in an overall
way to you, such as a field of clover and Queen Annes lace, and a small meadow in the middle
of the woods filled with spring ephemeral flowers. If you select areas that differ in a visual and
intuitive way, you can go on to see whether or not they differ in a quantifiable fashion. In each
area carry out the following procedure.

1. Start on one edge of of the field and begin to walk straight towards some obvious landmark.

2. Every two paces, stop and drop in front of you a 30 cm 30 cm square made of pipe cleaners.

3. Examine all of the flowers inside the square. Assign each one to a category, and keep track
of how many flowers of each type you see. Carrying a notebook to which you tape a single
representative of each of the flower categories can help you keep them straight. If you are
artistically inclined, you may wish to make sketches.

4. Note that you do not need to know the names of the flowers. So long as your categories are
unambiguous and include all of the types of flowers you run across, they will allow you to
make correct diversity calculations.

5. After sampling each of the fields, add the numbers of flowers seen in each area. If the numbers
are approximately equal, no further sampling is required. Return to any underrepresented
field and walk across it on other paths until all of your fields have roughly equal sample
sizes. (Each area should provide at least 100 flowers).

6. Calculate H1, H1max, and D1 for each field and compare the results.

7.2 Leaf Shape Diversity

Forests look very different from one another depending on where on earth they are. The Eastern
deciduous forest is full of the broad leaves of maple and oak, the temperate rain forest of the Pacific
Northwest is all evergreen trees and ferns, and the tropics are filled with an amazing variety of
plants. You can calculate leaf shape diversity indices for habitats near you by carrying out the
following procedure.
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1. Go to a habitat that you select for the initial measurements.

2. Walk into the habitat two paces, close your eyes, and look downwards (or in a direction
appropriate to the habitat). Open your eyes; the first plant you focus upon will be the one
you use next in the data collection.

3. Find a leaf on that first plant, attach it to a blank sheet of paper and mark a single tally
mark next to it. Take two paces and repeat step 2 above.

4. Examine the new leaf to see if it matches the other one. If it does, add another mark next to
the previously attached leaf. If not, attach the new leaf and mark a single tally mark next
to it.

5. Repeat steps 25 above until you have scored 100 leaves per habitat.

6. Calculate H1, H1max, and D1 for each area selected and compare results. What might
account for any differences in these values?

7.3 Student Migrations

Animals migrate with the seasons, as the geese flying south every autumn remind those of us in
central New York. Other areas are the scenes of other migrations, like the spectacular flights of
monarch butterflies on the west coast as they travel to Mexico. People also migrate: students
migrate on an annual cycle, from homes in various places to their colleges; retirees may migrate
between summer and winter homes. You can determine how diverse the set of geographical origins
of your institutions student body is by carrying out the following procedure.

1. Go to a student parking lot on your campus. If there are no specifically student-assigned
lots, select one that is near the dormitories and as far as possible from any other academic
buildings.

2. Walk along a row of cars, scoring the license plates by state or province of origin. Collect
scores for 100 or more cars.

3. Carry out a procedure similar to step 2 above, but in the parking lot for a grocery store
or mall away from campus. It is usually a good assumption that members of the local
population will frequent such a store.

4. Calculate H1, H1max, and D1 values for your two data sets and compare the results. What
does it tell you about student migrations, and why did you need to collect a second non-
student sample in order to interpret your data sets well?

5. Are there any portions of the student population that might be under or over represented
by the method used to collect data in step 2? Often, your college catalog, admissions office,
or registrar can supply accurate data on the geographical origins of the student population.
If you can obtain such data, use it to compute H1, H1max, and D1 for the student body and
compare the results to your earlier calculations.
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